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FRAME STABILIZERS FOR FRAMED VERTEX OPERATOR
ALGEBRAS ASSOCIATED TO LATTICES HAVING 4-FRAMES
CHING HUNG LAM AND HIROKI SHIMAKURA
Abstract. In this paper, we study certain Virasoro frames for lattice vertex operator
algebras and their Z2-orbifolds using linear codes over Z4. We also compute the cor-
responding frame stabilizer from the view point of binary codes and Z4-codes. As an
application, we determine the frame stabilizers of several Virasoro frames of the vertex
operator algebra VE8 and the moonshine vertex operator algebra V
♮.
1. Introduction
A framed vertex operator algebra V is a simple vertex operator algebra (VOA) which
contains a Virasoro frame, a subVOA Tr isomorphic to the tensor product of r-copies of
the simple Virasoro VOA L(1/2, 0) such that rank V = rank Tr = r/2. There are many im-
portant examples such as the moonshine VOA V ♮ and the Leech lattice VOA. In [DGH98],
a basic theory of framed VOAs was established. A general structural theory about the
automorphism group and the frame stabilizer, the subgroup which stabilizes Tr setwise,
was also included in [DGH98, LY08]. It was shown in [DGH98] that the frame stabilizer
of a framed VOA V = ⊕i∈ZVi is always a finite group. Moreover, Miyamoto [Mi04] showed
that the full automorphism group Aut (V ) of a framed VOA V is also finite if V1 = 0.
Hence, the theory of framed VOA is very useful in studying certain finite groups such as
the Monster.
Lattice VOAs associated to even lattices are basic examples of VOAs [Bo86, FLM88].
If an even lattice L of rank n has a 4-frame, i.e., an orthogonal basis of R⊗ZL of norm 4,
then the lattice VOA VL has a natural Virasoro frame T2n ([DMZ94]), which is fixed by
the involution in Aut(VL) lifted from the −1-isometry on L. Therefore, if L is unimodular,
T2n is also contained in the Z2-orbifold VOA V˜L = V
+
L ⊕ V T,+L . The main purpose of this
paper is to determine the frame stabilizer in Aut(VL) and Aut(V˜L) of the Virasoro frame
T2n associated to a 4-frame of L.
Given a framed VOA V , a Virasoro frame Tr determines two binary codes (C,D) of
length r, called the structure codes. In [LY08], it was shown that the structure codes C
C.H. Lam is partially supported by NSC grant 97-2115-M-006-015-MY3 of Taiwan, R.O.C..
H. Shimakura is partially supported by the Grants-in-Aid for Scientific Research No. 20549004.
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and D satisfy certain duality conditions. The pointwise frame stabilizer, the subgroup
which fixes Tr pointwise, was also determined.
It is known [GH03, LY08] that the frame stabilizer naturally acts on C and D while
the pointwise frame stabilizer is the subgroup of the frame stabilizer acting on C and D
trivially. The main problem is thus to determine the quotient of the frame stabilizer by
the pointwise frame stabilizer, which is isomorphic to a subgroup of Aut(C) ∩ Aut(D)
([DGH98, LY08]).
In [GH03], the Virasoro frames for the lattice VOA VE8 were studied. It was shown that
there are exactly 5 Virasoro frames for VE8 up to conjugation. The corresponding frame
stabilizers were also computed. It was shown that for any Virasoro frame, the quotient
of the frame stabilizer by the pointwise frame stabilizer is equal to the automorphism
group of the structure codes. Their method for twisted case V˜E8(
∼= VE8) associated to the
fourth Z4-code, however, used some special properties of the Lie group E8(C), which is
the automorphism group of VE8. It may be difficult to generalize to other cases.
In this article, we shall study a VOA V isomorphic to the lattice VOA VL associated
to an even lattice L of rank n having a 4-frame F , and its Z2-orbifold V˜L when L is
unimodular. Since F ∗/F ∼= Zn4 , L/F is isomorphic to a self-orthogonal Z4-code C. Our
approach mainly stresses on the relationship between the self-orthogonal Z4-code C and
the structure codes of the corresponding framed VOA. More precisely, we shall determine
the frame stabilizer of V in terms of the automorphism group of the structure code C and
the automorphism group of the Z4-code C. Let T2n be the Virasoro frame of V associated
to F . We first study a certain subcode of C, which is isomorphic to d(Zn2 ) for V = VL
and to d(En) for V = V˜L, where d : Zn2 → Z2n2 is the “double” map defined by
d(c1, c2, . . . , cn) = (c1, c1, c2, c2, . . . , cn, cn), (c1, . . . , cn) ∈ Zn2
and En is the subcode of Zn2 consisting of all even words (cf. Notation 4.6 and 4.8).
We shall describe the stabilizer of d(Zn2 ) for V = VL (resp. d(En) for V = V˜L) in the
subgroup StabAut(V )(T2n)/Stab
pt
Aut(V )(T2n) of Aut(C) in terms of the automorphism group
of the Z4-code C. The main result is the transitivity of StabAut(V )(T2n)/Stab
pt
Aut(V )(T2n)
on the set of such subcodes of C (under the assumption that the minimum weight of the
binary code C0 is greater than or equal to 4 for V = V˜L). In addition, we shall show
StabAut(V )(T2n) is generated by some automorphisms induced from Aut(L) and triality
automorphisms [FLM88], and determine the index of StabAut(V )(T2n)/Stab
pt
Aut(V )(T2n) in
Aut(C). Hence, one can determine the frame stabilizer StabAut(V )(T2n) in principle by
using the automorphism groups Aut(C) and Aut(C).
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As an application, we shall study some Virasoro frames for the lattice VOA VE8 and
certain Virasoro frames of the moonshine VOA V ♮ arisen from a pseudo Golay code over
Z4, that means it reduces to the binary Golay code modulo 2 and extends to the Leech
lattice through the construction A. We shall also study the Virasoro frame of V ♮ associated
to the standard 4-frame of the Leech lattice. The corresponding frame stabilizer in each
case will also be computed.
Remark 1.1. A binary code C is said to be indecomposable if it cannot be written as
a direct sum of two subcodes of shorter length. We believe that any indecomposable
maximal binary code of length 48 consisting of codewords whose weights are divisible
by 8 is isomorphic to Span
Z2
{d(B), e(124)} for some doubly even self-dual code B of
length 24 (see Notation 4.6 for the definitions of the maps d and e). If this is true,
then any holomorphic framed VOA of rank 24 is isomorphic to a lattice VOA or its Z2-
orbifold, and any frame is conjugate to the frame associated to a 4-frame of the lattice
(cf. [La07]). Therefore, our method can be applied to the Virasoro frames of most, if not
all, holomorphic framed VOAs of rank 24.
Acknowledgements. The authors thank Professor Masaaki Harada and Professor Ak-
ihiro Munemasa for helpful comments on Z4-codes. Part of the work was done when
the second author was visiting the National Center for Theoretical Sciences, Taiwan on
November and December 2008. He thanks the staff of the center for their help.
Notation and terminology.
〈·, ·〉 The inner product in Zn2 defined by 〈X, Y 〉 = |X ∩ Y | mod 2.
(·, ·) The inner product in Rn.
2n An elementary abelian 2-group of order 2n.
2n1+n2+···+nk A group extension 2n1.(2n2 .(· · · .(2nk) · · · ).
A4(C) The lattice obtained by Construction A from a Z4-code C.
Aut(C) The subgroup of Symn induced from Aut(C) for a Z4-code C.
A.B A group extension with normal subgroup A and quotient B.
E(m) The set of all weight m codewords in a binary code E.
C A Z4-code of length n.
C0 C0 = {(α1, . . . , αn) ∈ {0, 1}n| (2α1, . . . , 2αn) ∈ C}.
C1 C1 = {(α1, . . . , αn) mod 2| (α1, . . . , αn) ∈ C}.
C The binary code of length r defined by the Tr-module structure of V
0.
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D The binary code of length r consisting of β ∈ Zr2 with V β 6= 0.
d The linear map from Zn2 to Z
2n
2 , (c1, c2, . . . , cn) 7→ (c1, c1, c2, c2, . . . , cn, cn).
e The linear map from Zn2 to Z
2n
2 , (c1, c2, . . . , cn) 7→ (0, c1, 0, c2, 0, . . . , 0, cn).
E8 The root lattice of type E8.
En The binary code of length n consisting of all even weight codewords.
F A subset {α1, . . . , αn} of a lattice L of rank n such that (αi, αj) = 4δij,
or the sublattice ⊕ni=1Zαi.
K The quotient StabAut(V )(T2n)/Stab
pt
Aut(V )(T2n)
for V = VL or V = V˜L associated to an even lattice L of rank n.
Λ The Leech lattice.
Ωn An n-set {1, 2, . . . , n}.
ϕk The natural epimorphism from Z
n to Znk ,
or that from Znl to Z
n
k if k divides l.
Tr A subVOA of a VOA with rank r/2 isomorphic to the tensor product of
r-copies of L(1/2, 0), or a set of r mutually orthogonal Ising vectors.
StabAut(V )(Tr) The subgroup of Aut(V ) which fixes the Virasoro frame Tr setwise.
StabptAut(V )(Tr) The subgroup of Aut(V ) which fixes the Virasoro frame Tr pointwise.
Symn The symmetric group of degree n.
V β The sum of irreducible Tr-submodules of V isomorphic to
⊗ri=1L(1/2, hi) with hi = 1/16 if and only if βi = 1.
VL The lattice VOA associated to an even lattice L.
V +L The subVOA of VL consisting of vectors fixed by the lift of −1 ∈ Aut(L).
VE The code VOA associated to a binary code E.
V˜L The VOA obtained by the Z2-orbifold construction from VL
associated to an even unimodular lattice L.
V ♮ The moonshine VOA.
|X| The (Hamming) weight of an element X of Zn2 .
Zk The set of integers modulo k.
Zn2 An n-dimensional vector space over Z2, or the power set of Ωn.
2. Framed vertex operator algebra
In this section, we review some basic facts about framed VOAs from [DGH98, Mi04].
Every vertex operator algebra is defined over the complex number field C unless otherwise
stated. For the detail of VOAs, see [Bo86, FLM88, FHL93].
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Definition 2.1. A Virasoro vector e is called an Ising vector if the subalgebra Vir(e)
generated by e is isomorphic to the simple Virasoro VOA L(1/2, 0). Two Virasoro vectors
u, v ∈ V are said to be orthogonal if [Y (u, z1), Y (v, z2)] = 0. A decomposition ω =
e1 + · · · + er of the conformal vector ω of V is said to be orthogonal if ei are mutually
orthogonal Virasoro vectors.
Remark 2.2. It is well-known that L(1/2, 0) is rational, C2-cofinite and has three irre-
ducible modules L(1/2, 0), L(1/2,1/2) and L(1/2,1/16). The fusion rules of L(1/2, 0)-modules are
computed in [DMZ94]:
(2.1)
L(1/2,1/2)⊠L(1/2,1/2) = L(1/2, 0), L(1/2,1/2)⊠L(1/2,1/16) = L(1/2,1/16),
L(1/2,1/16)⊠L(1/2,1/16) = L(1/2, 0)⊕ L(1/2,1/2).
Definition 2.3. ([DGH98]) A simple VOA (V, ω) is said to be framed if there exists a set
{e1, . . . , er} of Ising vectors of V such that ω = e1+· · ·+er is an orthogonal decomposition.
The full subVOA Tr generated by e
1, . . . , er is called an Virasoro frame or simply a frame
of V . By abuse of notation, we sometimes call the set of Ising vectors {e1, . . . , er} a frame,
also.
Given a framed VOA V with a frame Tr, one can associate two binary codes C and D
of length r to V and Tr as follows: Since Tr = L(1/2, 0)
⊗r is rational, V is a completely
reducible Tr-module. That is,
V ∼= ⊕hi∈{0, 12 , 116}mh1,...,hrL(h1, . . . , hr),
where L(h1, h2, . . . , hr) = L(1/2, h1)⊗ · · · ⊗ L(1/2, hr) and the nonnegative integer mh1,...,hr
is the multiplicity of L(h1, . . . , hr) in V . In particular, all the multiplicities are finite and
mh1,...,hr is at most 1 if all hi are different from 1/16.
Let U ∼= L(h1, h2, . . . , hr) be an irreducible module for Tr. The τ -word τ(U) of U is a
binary word β = (β1, . . . , βr) ∈ Zr2 such that
(2.2) βi =


0 if hi = 0 or 1/2,
1 if hi = 1/16.
For any β ∈ Zr2, define V β as the sum of all irreducible submodules U of V such that
τ(U) = β. Set
D := {β ∈ Zr2 | V β 6= 0}.
Then D is an even linear code of length r and V = ⊕β∈DV β .
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For any c = (c1, ..., cr) ∈ Zr2, denote M c = mh1,...,hrL(h1, ..., hr) where hi = 1/2 if ci = 1
and hi = 0 elsewhere. Set
C := {c ∈ Zr2 |M c 6= 0}.
Then V 0 = ⊕c∈CM c is the code VOA VC associated to C ([Mi96b]).
Summarizing, there exists a pair (C,D) of even linear codes such that V is a D-graded
extension of a code VOA VC associated to C. The pair of codes (C,D) is called the
structure codes of a framed VOA V associated to the frame Tr. Since the powers of z
in an L(1/2, 0)-intertwining operator of type L(1/2,1/2) × L(1/2,1/16) → L(1/2,1/16) are half-
integral, the structure codes (C,D) satisfy C ⊂ D⊥. Moreover, the following theorem
holds (cf. [DGH98, Theorem 2.9] and [Mi04, Theorem 6.1]).
Theorem 2.4. Let V be a framed VOA with structure codes (C,D). Then, V is holo-
morphic if and only if C = D⊥.
Remark 2.5. Let V be a framed VOA with structure codes (C,D), where C,D ⊂ Zr2. For
a binary codeword β ∈ Zr2, we define
(2.3) τβ(u) := (−1)〈α,β〉u for u ∈ V α.
Then by the fusion rules, τβ defines an automorphism on V [Mi96a, Theorem 4.7]. Note
that the subgroup T = {τβ | β ∈ Zr2} is an elementary abelian 2-group and is isomorphic
to Zr2/D
⊥. In addition, the fixed point subspace V T is equal to V 0 and all V α, α ∈ D are
irreducible V 0-modules. Similarly, we can define an automorphism on V 0 by
σβ(u) := (−1)〈α,β〉u for u ∈Mα,
where V 0 = ⊕α∈CMα. Note that the group Q = {σβ | β ∈ Zr2} ∼= Zr2/C⊥ is elementary
abelian and (V 0)Q =M0 = Tr.
3. Frame stabilizers
In this section, we shall recall the definitions of frame stabilizers and pointwise frame
stabilizers of a framed VOA. Some basic properties will also be reviewed from [DGH98,
LY08].
Definition 3.1. Let V be a framed VOA with an Virasoro frame Tr = Vir(e
1)⊗· · ·⊗Vir(er).
The frame stabilizer of Tr is the subgroup of Aut(V ) which stabilizes the frame Tr setwise.
The pointwise frame stabilizer is the subgroup of Aut(V ) which fixes Tr pointwise. The
frame stabilizer and the pointwise frame stabilizer of Tr are denoted by StabAut(V )(Tr)
and StabptAut(V )(Tr), respectively.
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Let (C,D) be the structure codes of V with respect to Tr, i.e.,
V = ⊕α∈DV α, τ(V α) = α and V 0 = VC .
If D = 0, i.e., V = VC , then the frame stabilizer can be determined easily.
Lemma 3.2. Let C be an even linear code and Q = {σγ | γ ∈ Zr2} ⊂ Aut(VC). Then we
have an exact sequence
1 −→ Q −→ StabAut(VC )(Tr)−¯→Aut(C) −→ 1.
Proof. Let g ∈ StabAut(VC)(Tr). Then g gives a permutation g¯ on the set of Ising vectors
{e1, e2, . . . , er}. It is easy to see that for any c ∈ C, g(M c) = M g¯(c). Hence g¯ ∈ Aut(C).
By [Mi96a, Lemma 3.4], the map ¯ is surjective. If g¯ = 1 then g is trivial on Tr. Hence
the kernel of ¯ is equal to the pointwise stabilizer StabptAut(VC )(Tr) of Tr, and which is equal
to Q (see [LY08, Section 6]).
Next, let us review the properties of the pointwise frame stabilizers for framed VOAs
from [LY08, Section 6].
Notation 3.3. For α = (α1, . . . , αr), β ∈ (β1, . . . , βr) ∈ Zr2, we define
α · β = α ∩ β := (α1β1, . . . , αrβr) ∈ Zr2.
That is, the product α · β is taken in the ring Zr2.
Theorem 3.4. [LY08, Theorem 12] Let V be a framed VOA with structure codes (C,D).
Let ξ ∈ Zr2 \ C⊥. Then, there exists θ ∈ StabptAut(V )(Tr) such that θ|V 0 = σξ if and only if
α · ξ ∈ C for all α ∈ D. Moreover, θ has order 2 if wt(α · ξ) ≡ 0 mod 4 for all α ∈ D;
otherwise, θ has order 4.
Define P := {ξ ∈ Zr2 | α · ξ ∈ C for all α ∈ D}. It is clear that P is a linear subcode of
C. Moreover, we have the following.
Theorem 3.5. [LY08, Theorem 13] Let V be a framed VOA with structure codes (C,D)
and let T = {τα| α ∈ Zr2} be the subgroup generated by the Miyamoto involutions associated
to Ising vectors in the frame Tr. Then we have the following central extension:
1 −→ T −→ StabptAut(V )(Tr) −→ StabptAut(V )(Tr)/T −→ 1
↓≀ || ↓ ≀
1 −→ Zr2/D⊥ −→ StabptAut(V )(Tr) −→ P/C⊥ −→ 1
The commutator relation in StabptAut(V )(Tr) can be described as follows.
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For ξ1, ξ2 ∈ P , let θξi, i = 1, 2, be an extension of σξi to StabptAut(V )(Tr). Then [θξ1 , θξ2 ] =
1 if and only if 〈α · ξ1, α · ξ2〉 = 0 for all α ∈ D.
The full frame stabilizer is much more complicated. Nevertheless, we still have the
following.
Lemma 3.6. (cf. [DGH98, Theorem 2.8] and [LY08, Section 6]) Let V be a framed VOA
with structure codes (C,D). Then the quotient group StabAut(V )(Tr)/Stab
pt
Aut(V )(Tr) is
isomorphic to a subgroup of Aut(C) ∩Aut(D).
4. Z4-codes, lattices and framed VOAs
In this section, we review Z4-codes and lattices obtained by Construction A from Z4-
codes from [CS99]. Moreover, we review the structure codes of framed VOAs associated
to even lattices having 4-frames from [DGH98].
A subgroup C of Zn4 is called a (linear) Z4-code of length n. The (Euclidean) weight
of c = (c1, c2, . . . , cn) ∈ Zn4 , ci ∈ {0,±1, 2}, is
∑n
i=1 c
2
i . The dual code of C is defined as
C
⊥ = {x ∈ Zn4 | 〈x, y〉 = 0, for all y ∈ C}, where 〈x, y〉 =
∑n
i=1 xiyi ∈ Z4. A Z4-code C
is said to be self-orthogonal if C ⊂ C⊥, and is said to be self-dual if C = C⊥. A self-dual
Z4-code C is said to be Type II if the Euclidean weight of any element in C is divisible
by 8. A Type II Z4-code C is said to be extremal if the minimum weight of C is equal to
8(⌊n/24⌋ + 1). The automorphism group of C is the subgroup of Aut(Zn4 ) ∼= R : Symn
preserving C, where R consists of sign change maps on coordinates. Hence we obtain the
following exact sequence
1→ (R ∩Aut(C))→ Aut(C)→ Aut(C)→ 1,(4.1)
where Aut(C) ∼= Aut(C)/(R ∩Aut(C)) is a subgroup of Symn.
Now let us study the structure codes for the lattice VOA VL associated to L having
4-frame.
Definition 4.1. Let L be an even lattice of rank n. A subset {α1, . . . , αn} is called a
4-frame of L if (αi, αj) = 4δi,j for all i, j. By abuse of notation, we sometimes call the
sublattice ⊕ni=1Zαi a 4-frame, also.
Let L be an even lattice of rank n and VL the VOA associated to L ([Bo86, FLM88]).
Let α ∈ L with (α, α) = 4. It is well-known (cf. [DMZ94]) that
ω±(α) =
1
16
α(−1)2 · 1± 1
4
(eα + e−α)
8
are two mutually orthogonal Ising vectors in VL. If L contains a 4-frame F = {α1, . . . , αn},
then the lattice VOA VL is a framed VOA with a Virasoro frame
{ω+(α1), ω−(α1), . . . , ω+(αn), ω−(αn)}.
We call it the Virasoro frame associated to F .
Notation 4.2. For any positive integer k, denote the natural epimorphism from Z to Zk
by ϕk. We shall also extend ϕk to a homomorphism from Z
n to Znk by
ϕk(a1, . . . , an) = (ϕka1, . . . , ϕkan).
By abuse of notation, we also use ϕk to denote the natural projection from Z
n
ℓ to Z
n
k when
k divides ℓ.
Let {α1, . . . , αn} be a 4-frame of a lattice L and F = Zα1 ⊕ · · · ⊕ Zαn. Then L/F ⊂
F ∗/F ∼= Zn4 forms a Z4-code.
Let C be a Z4-code of length n such that C ∼= L/F . Then
L ∼= A4(C) = 1
2
{(x1, . . . , xn) ∈ Zn|ϕ4(x1, . . . , xn) ∈ C} .(4.2)
The following lemma is well-known.
Lemma 4.3 (cf. [BSC95]). (1) A4(C) is integral if and only if C is self-orthogonal.
(2) A4(C) is even if and only if the Euclidean weight of any element in C is divisible
by 8.
(3) A4(C) is even unimodular if and only if C is type II.
Remark 4.4. Note that A4(0) ∼= Zα1 ⊕ · · ·⊕Zαn, (αi, αj) = 4δij and it gives a 4-frame of
A4(C). Hence {ω+(α1), ω−(α1), . . . , ω+(αn), ω−(αn)} defines a Virasoro frame for VA4(C).
We shall call it the Virasoro frame associated to C.
Let C be a Z4-code of length n. We shall define two binary codes
C0 = {(α1, . . . , αn) ∈ {0, 1}n| (2α1, . . . , 2αn) ∈ C},
C1 = {ϕ2(α) | α ∈ C} = {(α1, . . . , αn) mod 2| (α1, . . . , αn) ∈ C}.
Note that if we define a linear map t : C → C by t(α) = 2α, then C1 ∼= C/ ker t and
ker t ∼= C0 as abelian groups. Thus, as an abelian group, C is an extension of C1 by C0
and we have the exact sequence
0→ C0 → C → C1 → 0.
Note also that C1 ⊂ C0 and if |C1| = 2k1 and |C0| = 2k0 , then the original Z4-code
C ∼= Zk0−k12 × Zk14 as an abelian group.
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If C is self-orthogonal then both C0 and C1 are even binary codes of length n, and
C0 ⊂ C⊥1 . If C is self-dual then C0 = C⊥1 , and if the Euclidean weight of any element in C
is divisible by 8 then C1 is doubly even. By the definitions of C0 and C1, the group Aut(C)
preserves both Aut(C0) and Aut(C1), that is, Aut(C) ⊂ Aut(C0) ∩ Aut(C1).
Remark 4.5. The binary codes C0 and C1 may also be thought of as Z4-code analogues
of the structure codes C and D. In fact, if L is an even lattice with a 4-frame F and
L/F ∼= C as a Z4-code, then the structures (C,D) for the lattice VOA VL (and for its
Z2-orbifold V˜L) with respect to the Virasoro frame associated to C are closely related to
C0 and C1 (see Proposition 4.7 and 4.9).
Notation 4.6. Let d and e denote the linear maps from Zn2 to Z
2n
2 defined by
d : (c1, c2, . . . , cn) 7→ (c1, c1, c2, c2, . . . , cn, cn)
and
e : (c1, c2, . . . , cn) 7→ (0, c1, 0, c2, 0, . . . , 0, cn).
The structure codes of VA4(C) with respect to the Virasoro frame associated to C is
described in [DGH98] as follows.
Proposition 4.7. [DGH98, Corollary 3.3] Let C be a Z4-code of length n such that A4(C)
is even, and C0 and C1 the binary codes defined as above. Then the structure codes of the
lattice VOA VA4(C) with respect to the Virasoro frame associated to C are given by
D = d(C1) and C = SpanZ2{d(Zn2 ), e(C0)}.
Now let L be an even unimodular lattice having a 4-frame F and let θ ∈ Aut(VL) be a
lift of −1 ∈ Aut(L). Let V +L denote the subVOA of VL consisting of vectors in VL fixed by
θ. By the definition of Ising vectors associated to F , the Virasoro frame of VL associated
to F is contained in V +L . Hence V
+
L is framed.
Let V TL be the unique θ-twisted module for VL and V
T,+
L the irreducible V
+
L -submodule
of V TL with integral weights. Let
V˜L = V
+
L ⊕ V T,+L .
It is known that V˜L has a unique VOA structure by extending its V
+
L -module structure
(see [FLM88] and [LY08, Proposition 8]). The construction of VOA V˜L is often called a
Z2-orbifold construction from VL . Clearly, V˜L is also framed.
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Notation 4.8. Denoted by En the code consisting of all codewords in Zn2 of even weight.
Then the code d(En) is generated by


1111 0000 0000 · · · 0000
0011 1100 0000 · · · 0000
0000 1111 0000 · · · 0000
0000 0011 1100 · · · 0000
...
...
. . .
...
0000 0000 0000 · · · 1111


.
Proposition 4.9. [DGH98, Corollaries 3.3 and 3.5] Let C be a type II Z4-code of length
n, and C0 and C1 the associated binary codes. Then the lattice A4(C) is even unimodular
and the structure codes of V˜A4(C) with respect to the Virasoro frame associated to C are
given by
D = Span
Z2
{d(C1), e((1n))} and C = SpanZ2{d(En), e(C0)}.
5. Frame stabilizer of the frame of VL associated to a 4-frame of L
Let L be an even lattice of rank n having 4-frame F . Let T2n be the Virasoro frame of VL
associated to F . In this section, we study the subgroupK = StabAut(VL)(T2n)/Stab
pt
Aut(VL)
(T2n)
of Aut(C). For the detail of the structure codes (C,D) of VL associated to T2n, see Propo-
sition 4.7.
5.1. Method of calculating the frame stabilizer. In this subsection, we discuss the
subgroup K of Aut(C). First, we recall triality automorphisms of VA1⊕A1 from [FLM88].
Lemma 5.1. Let L = Zα1 ⊥ Zα2 be an even lattice of rank 2 such that (α1, α1) =
(α2, α2) = 2 and (α1, α2) = 0. Let T4 be the Virasoro frame in VL associated to the 4-
frame F = {α1 ± α2}. Then the stabilizer StabN(VL)(T4) of T4 in N(VL) acts on T4 as
Sym4, where N(VL) is the normal subgroup of Aut(VL) generated by {exp(v0) | v ∈ (VL)1}.
Proof. Set e1 = ω
+(α1+α2), e2 = ω
−(α1+α2), e3 = ω
+(α1−α2), e4 = ω−(α1−α2). Then
T4 = {e1, e2, e3, e4}, and the structure codes of VL associated to T4 are (E4, 0). By Lemma
3.6, there is a canonical group homomorphism ψ : StabN(VL)(T4)→ Aut(E4) ∼= Sym4. We
now identify ei with i. Then exp(
πi
4
(α1 ± α2)(0)) ∈ N(VL) act as (1 2) and (3 4) on T4.
Hence Im ψ contains 〈(1 2), (3 4)〉.
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By [FLM88, Corollary 11.2.4], there is an automorphism σ ∈ N(VL) such that
σ(αi(−1)2) = αi(−1)2,
σ(α1(−1)α2(−1)) = eα1+α2 + θ(eα1+α2) + eα1−α2 + θ(eα1−α2),
σ(eα1+α2 + θ(eα1+α2) + eα1−α2 + θ(eα1−α2)) = α1(−1)α2(−1),
σ(eα1+α2 + θ(eα1+α2)− (eα1−α2 + θ(eα1−α2))) = eα1+α2 + θ(eα1+α2)− (eα1−α2 + θ(eα1−α2)).
Then one can see that
σ(e1) = e1, σ(e2) = e3, σ(e3) = e2, σ(e4) = e4.
Hence Im ψ contains (2 3). Thus Im ψ ∼= Sym4.
Lemma 5.2. Let L be an even lattice of rank n having 4-frame F . Let C = L/F be
a Z4-code of length n. Let T2n be the Virasoro frame of VL associated to F . Then the
stabilizer in K of the subcode d(Zn2 ) of C is isomorphic to 2 ≀Aut(C).
Proof. Let S denote the stabilizer of d(Zn2 ) in K.
For k = 1, . . . , n, define tk = exp(
πiαk(0)
4
). Then tk maps ω
±(αk) to ω
∓(αk) and fixes
ω±(αi) if i 6= k. Thus, tk ∈ StabAut(VL)(T2n) and it stabilizes d(Zn2 ). Let t¯k be the image
of tk under the canonical homomorphism StabAut(VL)(T2n)→ K. Then t¯1, . . . , t¯n generate
a subgroup A ∼= 2n in S. Let g ∈ Aut(C). By (4.2), g induces an automorphism of L
preserving F . Hence by [FLM88, Proposition 5.4.1] it lifts to an automorphism g′ of VL
preserving T2n. Since R ∩Aut(C) is trivial on T2n, g′ acts as g(R ∩ Aut(C)) ∈ Aut(C) on
{{ω±(αi)} | i ∈ Ωn}. Thus we obtain a subgroup A.Aut(C) of S.
Now suppose g ∈ StabAut(VL)(T2n) such that g ·StabptAut(VL)(T2n) ∈ S. Since the structure
codes of VF associated to T2n are (d(Z
n
2 ), 0), g stabilizes VF . Since F has no roots, we have
Aut(VF ) ∼= (C×)n.Aut(F ) (cf. [DN99]). We view g as an element in StabAut(VF )(T2n). Note
that (C×)n ∩ StabAut(VF )(T2n) = A. Set g¯ = gA ∈ Aut(F ). It follows from g ∈ Aut(VL)
that g¯ ∈ Aut(L). Hence g induces an automorphism of C ∼= L/F , modulo the action
of StabptAut(VL)(T2n).A, and S is a subgroup of A.Aut(C)
∼= 2 ≀ Aut(C). Therefore S ∼=
2 ≀ Aut(C).
Remark 5.3. Lemma 5.2 was essentially proved by [GH03, Theorem 2.8 (iii)] in terms of
lattices.
Proposition 5.4. Let L be an even lattice of rank n having 4-frame F . Let T2n be the
Virasoro frame of VL associated to F and (C,D) the structure codes associated to T2n.
Let c = {i, j} be an element in C(2). Then there exists an element g in StabAut(VL)(T2n)
acting as g = (i j) on T2n.
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Proof. If c belongs to d(Zn2 ), then it is clear from Lemma 5.2. Assume that c /∈ d(Zn2 ).
Then there exist exactly two codewords c1 = {i, k}, c2 = {j, l} ∈ d(Zn2 ) such that
|c ∩ c1| = |c ∩ c2| = 1 and k 6= l. We view Z = SpanZ2{c1, c2, c} as a binary code of
length 4 on {i, j, k, l}. Then Z ∼= E4, and we can find α1, α2 ∈ L of norm 2 such that VZ =
VZα1⊕Zα2
∼= VA1⊕A1 and α1±α2 ∈ F . By Lemma 5.1, the canonical group homomorphism
StabN(VZ )({ei, ej, el, ek})→ Sym({i, j, k, l}) is surjective. Note that StabN(VZ )({ei, ej , el, ek})
lifts to a subgroup of N(VL) preserving T2n. Hence there exists an automorphism of V
acting as (i j) on T2n.
For an element h = {i, j} ∈ C(2), let ξ(h) denote the element of K acting as (i j) ∈
Sym(T2n) ∼= Sym2n.
Lemma 5.5. Let H and H ′ be subcodes of C isomorphic to d(Zn2 ). Then there exists
g ∈ 〈ξ(h) | h ∈ Span
Z2
{H,H ′}(2)〉 ⊂ K such that g(H) = H ′.
Proof. Assume H 6= H ′. Let h ∈ H(2)\H ′. Then there is h′ ∈ H ′(2) such that |h∩h′| = 1.
Clearly, h′ /∈ H(2). It is easy to see that ξ(h) ◦ ξ(h′)(h) = h′. Set g = ξ(h) ◦ ξ(h′).
Since H ∼= d(Zn2 ), H(2) \ {h} is fixed by ξ(h) pointwisely. Similarly, H ′(2) \ {h′} is
fixed by ξ(h′) pointwisely. Thus, g(H(2) ∩ H ′(2)) = H(2) ∩ H ′(2). On the other hand,
h′ ∈ g(H)(2)∩H ′(2) and hence |g(H)(2)∩H ′(2)| > |H(2)∩H ′(2)|. Note that g(H) ⊂ C
as g ∈ Aut(C). By reverse induction on |H(2) ∩H ′(2)|, we are done.
Let H denote the set of all subcodes of C isomorphic to d(Zn2 ). By Lemmas 5.2, 5.5
and Proposition 5.4, we obtain the following theorem.
Theorem 5.6. Let L be an even lattice of rank n having 4-frame F . Let T2n be the
Virasoro frame of VL associated to F and (C,D) the structure codes associated to T2n.
Then K = StabAut(VL)(T2n)/Stab
pt
Aut(VL)
(T2n) is transitive on H, and it is generated by the
subgroup of shape 2 ≀ Aut(C) and {ξ(h) | h ∈ C(2)}. Moreover, |K : 2 ≀ Aut(C)| = |H|.
Now, we consider the action of Aut(C) on H.
Lemma 5.7. The stabilizer in Aut(C) of d(Zn2 ) is isomorphic to 2 ≀Aut(C0). In particular
|H| = |Aut(C) : 2 ≀Aut(C0)|.
Proof. By Theorem 5.6, Aut(C) acts transitively on H. Thus
|H| = |Aut(C) : StabAut(C)(d(Zn2 ))|.
Since C = Span
Z2
{d(Zn2 ), e(C0)}, it is easy to see that StabAut(C)(d(Zn2 )) is isomorphic to
2 ≀ Aut(C0) and we have the desired conclusion.
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As a corollary, we have the following.
Corollary 5.8. |Aut(C) : K| = |Aut(C0) : Aut(C)|.
Remark 5.9. Let g ∈ Aut(C). Then there exists h ∈ K such that hg stabilizes d(Zn2 )
by Theorem 5.6. Hence g ∈ K if and only if hg belongs to the stabilizer of d(Zn2 ) in K
determined in Lemma 5.2.
5.2. Examples. Next we shall discuss several examples in detail. Recall that there are
exactly four type II Z4-codes of length 8 ([CS93]). They are of the shape 4 · 26, 42 · 24,
43 · 22, 44 as groups, and their generator matrices are given as follows:

1111 1111
2200 0000
0220 0000
0022 0000
0002 2000
0000 2200
0000 0220


,


3111 3111
1111 2000
2200 0000
0220 0000
0000 2200
0000 0220


,


3111 3111
1111 2000
1320 1100
2200 0000
0220 0220


,


3111 3111
1111 2000
1320 1100
1010 1032

 .
Let C be a type II code of length 8 over Z4. Then
A4(C) =
1
2
{
(x1, . . . , x8) ∈ Z8|ϕ4(x1, . . . , x8) ∈ C
} ∼= E8.
Let us determine the frame stabilizer in Aut(VE8) of the Virasoro frame T16 associated to
C for each case.
Case 1. (C ∼= 4 · 26) In this case, C0 = E8, C1 = {(18), (08)} and Aut(C0) ∼= Sym8. The
structure codes for VA4(C)
∼= VE8 are then given by
C = E16, D = {(116), (016)}.
Then Aut(C) ∼= Aut(D) = Sym16 and the code P = {α ∈ C|α·β ∈ C for all β ∈ D} = C.
Note that dimP = 15 and by Theorem 3.4, we have StabptAut(VE8 )
(T16) ∼= 21+14.
Since Aut(C) ∼= 27 : Sym8, we have Aut(C) = Sym8. Hence Aut(C) ∼= Aut(C0). By
Corollary 5.8, StabAut(VE8 )(T16)/Stab
pt
Aut(VE8 )
(T16) ∼= Aut(C) ∼= Sym16 and StabAut(VE8 )(T16)
has the shape 21+14.Sym16.
Case 2. (C ∼= 42 · 24) In this case, C0 = E4 ⊕ E4, C1 = SpanZ2{(1111 0000), (0000 1111)}
and Aut(C0) ∼= Sym4 ≀ 2. Then the structure codes for VA4(C) ∼= VE8 are given by
C = E8 ⊕ E8, D = SpanZ2{(1808), (0818)}.
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Then Aut(C) ∼= Aut(D) = Sym8 ≀ 2 and the code P = {α ∈ C|α ·β ∈ C for all β ∈ D} =
C. By Theorem 3.4, StabptAut(VE8 )
(T16) ∼= 21+6 × 21+6.
Since Aut(C) ∼= 26.(Sym4 ≀ 2), we have Aut(C) = Sym4 ≀ 2. Again, we have Aut(C) ∼=
Aut(C0). By Corollary 5.8, StabAut(VE8 )(T16)/Stab
pt
Aut(VE8 )
(T16) ∼= Aut(C) ∼= Sym8 ≀ 2 and
thus StabAut(VE8 )(T16) has the shape 2
2+12.(Sym8 ≀ 2).
Case 3. (C ∼= 43 · 22) In this case, one can see that C0 = SpanZ2{d(Z42), (10101010)},
C1 = SpanZ2{(1111 0000), (0000 1111), (1100 1100)} and Aut(C0) ∼= 2≀Sym4. The structure
codes (C,D) for VA4(C)
∼= VE8 are given by
C = Span
Z2
{E44 , (103103103103)}, D = SpanZ2{(1808), (0818), (14041404)}.
Then, Aut(C) ∼= Aut(D) = Sym4 ≀ Sym4 and
P = {α ∈ C|α · β ∈ C for all β ∈ D} = E44 ,
which has dimension 12. Thus, StabptAut(VE8 )
(T16) has the shape 2
3+9.
Since Aut(C) ∼= 24.(2 ≀ Sym4), we have Aut(C) = 2 ≀ Sym4. Hence, we have Aut(C) ∼=
Aut(C0) and StabAut(VE8 )(T16)/Stab
pt
Aut(VE8 )
(T16) ∼= Aut(C) ∼= Sym4 ≀ Sym4. By Corollary
5.8 StabAut(VE8 )(T16) has the shape 2
3+9.(Sym4 ≀ Sym4).
Case 4. (C ∼= 44) In this case, C0 ∼= C1 ∼= H8, the Hamming [8, 4, 4] code. The structure
codes for VA4(C) are given by
C = Span
Z2
{d(Z82), e(H8)}, D = d(H8).
It is easy to see that Aut(C) ∼= Aut(H8) ∼= AGL(3, 2). In this case, P = {α ∈
C|α ·β ∈ C for all β ∈ D} = Span
Z2
{d(Z82), e(18)}, which has dimension 9 and Aut(C) ∼=
AGL(3, 2). Since the minimum weight of H8 is 4, it is clear that |H| = 1. By Theorem
5.6 StabAut(VE8 ) has the shape 2
4+5.(2 ≀AGL(3, 2))
Remark 5.10. The frame stabilizers for all Virasoro frames of the VOA VE8 were computed
in [GH03] using a different method.
6. Frame stabilizer of the frame of V˜L associated to a 4-frame
Let L be an even unimodular lattice of rank n having 4-frame F . Let V˜L = V
+
L ⊕
V T,+L be the VOA obtained by a Z2-orbifold construction from VL. Then V˜L has the
Virasoro frame T2n associated to F . In this section, we study the subgroup K =
StabAut(V˜L)(T2n)/Stab
pt
Aut(V˜L)
(T2n) of Aut(C) when the minimum weight of C0 is greater
than or equal to 4, where C = L/F is a Z4-code. Note that the structure codes (C,D) of
V˜L associated to T2n were described in Proposition 4.9.
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6.1. Stabilizer of d(En). In this subsection, we determine the stabilizer in K of the
subcode d(En) of C.
Proposition 6.1. Let L be an even unimodular lattice of rank n having 4-frame F and
C = L/F a Z4-code of length n. Let T2n be the Virasoro frame of V˜L associated to F .
Then the stabilizer of d(En) in K has the shape 2dimC⊥0 .Aut(C).
Proof. Let S be the stabilizer of d(En) in K.
For k = 1, . . . , n, define tk = exp(
πiαk(0)
4
). Then tke
β = (−1)(αk/4,β)eβ. Hence Πnk=1tskk ∈
Aut(V +L ) if and only if (
∑n
k=1 skαk/4, β) ∈ Z for all β ∈ L, that is,
∑n
k=1 skαk/4 ∈
L∗ = L. Hence Πnk=1t
sk
k ∈ Aut(V +L ) if and only if ϕ4(s1, s2, . . . , sn) ∈ C. Assume that
h = Πnk=1t
sk
k ∈ Aut(V +L ). Since h is also an automorphism of VL, it preserves V −L . Since
L is unimodular and h ◦ V −L ∼= V −L , we have h ◦ V T,+L ∼= V T,+L . Note that V˜L is a simple
current extension of V +L . Hence h lifts to an automorphism of V˜L ([Sh04, Theorem 3.3]).
Clearly tk maps ω
±(αk) to ω
∓(αk), and fixes ω
±(αi) for all i 6= k. Since t2k = 1 on T2n,
h = Πnk=1t
ϕ2(sk)
k on T2n. Thus, A = {Πnk=1t¯skk | ϕ2(s1, s2, . . . , sn) ∈ C1 = C⊥0 } is a subgroup
of S isomorphic to 2dimC
⊥
0 , where¯ is the canonical homomorphism from StabAut(V˜L)(T2n)
to K.
Let g ∈ Aut(C). Then by (4.2) g induces an automorphism of Aut(L) preserving F .
Then it lifts to an automorphism g˜ of Aut(V˜L) preserving T2n (cf. [FLM88, Corollary
10.4.8]). Since R ∩Aut(C) is trivial on T2n, g˜ acts on T2n as g · (R ∩Aut(C)) ∈ Aut(C) =
Aut(C)/(R ∩ Aut(C)) on {{ω±(αi)} | i ∈ Ωn}. Thus we obtain a subgroup A.Aut(C) of
S.
Let g ∈ StabAut(V˜L)(T2n) such that g · StabptAut(V˜L)(T2n) ∈ S. Then it preserves the
subVOA Vd(En) which is the code VOA associated to d(En). It is easy to see that Vd(En) =
V +F . We view V˜L as a module for Vd(En). Since F is a decomposable lattice and n > 1,
it is not obtained by Construction B. Hence the restriction of g on Vd(En) is a lift of
g¯ ∈ Aut(F ) ([Sh04, Proposition 3.16]). This shows that g preserves V +L , and hence g is a
lift of g¯ ∈ Aut(L) preserving F . Thus g¯ induces an automorphism of L/F ∼= C, modulo
the action of Stabpt
Aut(V˜L)
(T2n).A, and hence g¯ ∈ Aut(C). Therefore S ∼= A.Aut(C).
Corollary 6.2. Assume that the minimum weight of C0 is greater than 4. Then the group
K = StabAut(V˜L)(T2n)/Stab
pt
Aut(V˜L)
(T2n) has the shape 2
dimC⊥0 .Aut(C)
Proof. By the assumption, any weight 4 codeword in C belongs to d(En). Clearly, d(En)
is generated by weight 4 codewords. Hence any automorphism of C preserves d(En), and
so does K. This corollary then follows from Proposition 6.1.
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6.2. Pseudo Golay codes and the moonshine VOA. In this subsection, we shall
study certain Virasoro frames of the moonshine VOA V ♮ arisen from pseudo Golay codes.
The corresponding frame stabilizers will also be computed.
Let C be an extremal Type II Z4-code of length 24 such that ϕ2(C) ∼= G24. Then the
minimum Euclidean weight of C is 16, and
A4(C) =
1
2
{(x1, . . . , x24) ∈ Z24|ϕ4(x1, . . . , x24) ∈ C}
is isomorphic to the Leech lattice Λ. By Proposition 4.9, the structure codes for V˜A4(C) =
V +A4(C) ⊕ V
T,+
A4(C)
∼= V ♮ are
C = Span
Z2
{d(E24), e(G24)}, D = SpanZ2{d(G24), e((124))}.
In this case, P = {α ∈ C|α · β ∈ C for all β ∈ D} is equal to D and has dimension 13.
Thus Stabpt
AutV ♮
(T48) = 2
13. Since the minimum weight of C0 ∼= G24 is 8, we obtain the
following by Corollary 6.2.
Theorem 6.3. Let C be an extremal Type II Z4-code of length 24 such that ϕ2(C) ∼= G24
and let T48 be the Virasoro frame of V
♮ = V +A4(C) ⊕ V
T,+
A4(C)
associated to C. Then,
StabAut(V ♮)(T48)/Stab
pt
Aut(V ♮)
(T48) ∼= 2dimC⊥0 .Aut(C).
Remark 6.4. In Rains [Ra99], 13 non-isomorphic extremal Type II Z4-codes satisfying
ϕ2(C) ∼= G24 were given as pseudo Golay codes. It was checked by Masaaki Harada and
Akihiro Munemasa [HM] that any extremal Type II Z4-codes satisfying ϕ2(C) ∼= G24 is a
pseudo Golay code.
Next, we shall study few examples from [Ra99, Fig. 2].
Example 1. C is generated by

100000000000130021110123
010000000000121023003111
001000000000331123301200
000100000000033112330120
000010000000003311233012
000001000000202333121123
000000100000101212311223
000000010000131100230233
000000001000130133022130
000000000100013013302213
000000000010122320333332
000000000001210230031111


.
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In this case, |Aut(C)| = 12144, Aut(C) ∼= SL2(23) and Aut(C) ∼= PSL2(23). Hence
StabAut(V ♮)(T48) has the shape 2
13.(212.PSL2(23)). Recall that the subgroupH = {exp(πiv(0)) |
v ∈ Λ} of Aut(V ♮) is isomorphic to an extraspecial 2-group 21+24+ (cf. [FLM88, (10.4.51)]).
Since for any Ising vector e in T48, τe ∈ H , StabptAut(V ♮)(T48)(∼= 213) is a subgroup of H .
By Proposition 6.1, we obtain a subgroup Stabpt
Aut(V ♮)
(T48).A ∼= 213.212 of H . Comparing
the orders, we obtain Stabpt
Aut(V ♮)
(T48).A = H ∼= 21+24+ , and StabAut(V ♮)(T48) has the shape
21+24+ .PSL2(23).
Example 2. C is generated by

100000000000222201113131
010000000000203131231223
001000000000301212231112
000100000000010330223311
000010000000322132330121
000001000000313332121022
000000100000132033122312
000000010000211012130031
000000001000332301233322
000000000100303323312030
000000000010133021001211
000000000001213303320101


.
Then |Aut(C)| = 6, Aut(C) ∼= Z2 × Z3 and Aut(C) ∼= Z3. Thus, StabAut(V ♮)(T48) has
the shape 213.(212.3). By the same argument in the previous example, the shape of
StabAut(V ♮)(T48) is 2
1+24
+ .3.
Remark 6.5. By the examples above, we note that StabAut(V )(T48)/Stab
pt
Aut(V )(T48) may
be strictly smaller than Aut(C) in general. In fact, StabAut(V ♮)(T48)/Stab
pt
Aut(V ♮)(T48)
can be quite small compare to Aut(C) (∼= 2 ≀M24).
6.3. Minimum weight of C0 is 4. Next we shall consider the case where the minimum
weight of C0 is 4. Note that the case where the minimum weight of C0 is greater than 4
was done in Corollary 6.2. Remark that n ∈ 8Z since A4(C) is even unimodular.
First, we recall the following easy lemmas.
Lemma 6.6. Let W be a binary code of length 2n isomorphic to d(En). Then the following
hold.
(1) W is generated by W (4).
(2) |w1 ∩ w2| ∈ 2Z for all w1, w2 ∈ W .
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(3) For any w ∈ W (4), |{w′ ∈ W (4) | |w ∩ w′| = 2}| = 2n− 4.
(4) Let k ≥ 2 and let w1, w2, . . . , wk ∈ W (4) such that |wi ∩ wj| = 2δ|i−j|,1 for i 6= j.
Then |{w ∈ W (4) | |w ∩ wi| = 2δi,k, 1 ≤ i ≤ k}| = n− k − 1.
(5) If n > 8 then W⊥(4) =W (4).
(6) If n > 2 then for any w ∈ W (4) there exist unique w1, w2 ∈ W⊥(2) such that
w = w1 + w2.
(7) If n > 2 then for any distinct w1, w2 ∈ W⊥(2), w1 + w2 ∈ W (4).
Lemma 6.7. Assume that the minimum weight of C0 is 4. Then the following hold.
(1) C(4) = {d(x) | x ∈ En(2)} ∪ {e(y) + d(z) | y ∈ C0(4), z ∈ En, z ⊂ y}.
(2) For e(y) + d(z), d(x) ∈ C(4), |(e(y) + d(z)) ∩ d(x)| = 0 if and only if |x ∩ y| = 0.
Moreover |(e(y) + d(z)) ∩ d(x)| = 2 if and only if x ⊂ y.
(3) Let u = e(y) + d(z), u′ = e(y′) + d(z′) ∈ C(4), where y, y′ ∈ C0(4). If |u ∩ u′| = 2
then |y ∩ y′| ∈ {2, 4}.
Proof. The lemma can be deduced easily from the fact that C = Span
Z2
{d(En), e(C0)}
(Proposition 4.9).
Lemma 6.8. Let s1, s2, . . . , sn/2−1 be weight 4 elements in Z
n
2 such that |si∩sj | = 2δ|i−j|,1
if i 6= j. Let t1, t2, . . . , tn/2 be weight 2 elements in Zn2 such that si = ti + ti+1. Then
Span
Z2
{d(ti), e(sj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2− 1} is isomorphic to d(En).
Proof. Set r2i−1 = d(ti), r2j = e(sj) + d(tj+1) for 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2 − 1. Then
the weight of ri is 4, and |ri ∩ rj | = 2δ|i−j|,1 if i 6= j. Hence, SpanZ2{d(ti), e(sj) | 1 ≤ i ≤
n/2, 1 ≤ j ≤ n/2− 1} = Span
Z2
{r1, r2, . . . , rn−1} ∼= d(En).
Let E be a subcode of C isomorphic to d(En) such that E 6= d(En). Set Y = {c ∈ C0 |
(e(c) + d(En)) ∩ E 6= ∅}. In order to determine E, we need some lemmas.
Lemma 6.9. There exist y1, y2, . . . , yn/2−1 ∈ Y (4) and u1, u2, . . . , un/2−1 ∈ E(4) such that
ui ∈ (e(yi) + d(En)) ∩ E(4) and |yi ∩ yj| = |ui ∩ uj| = 2δ|i−j|,1 if i 6= j.
Proof. By Lemma 6.6 (1) and the assumption E 6= d(En), there is u1 ∈ E(4) \ d(En). By
Lemma 6.7 (1), u1 = e(y1) + d(z1) for some y1 ∈ Y (4) and z1 ∈ En satisfying z1 ⊂ y1. By
Lemma 6.6 (3), |{u ∈ E(4) | |u ∩ u1| = 2}| = 2n− 4. By Lemma 6.7 (2),
|{d(x) ∈ E(4) | x ∈ En(2), |d(x) ∩ u1| = 2}| ≤
(
4
2
)
= 6.
Clearly
|{u = e(y1) + d(z) ∈ E(4) | z ∈ En, z ⊂ y1, |u ∩ u1| = 2}| ≤
(
4
2
)
= 6.
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If n = 8 and if the both equalities hold then E contains a subcode isomorphic to the
extended Hamming code of length 8, which contradicts E ∼= d(E8). If n > 8, then
2n − 4 > 6 + 6 = 12. Hence there exists u2 ∈ E(4) such that |u1 ∩ u2| = 2 and
u2 = e(y2) + d(z2) for some y2 ∈ Y (4) satisfying y2 6= y1. Then by Lemma 6.7 (3),
|y1 ∩ y2| = 2.
Let k ∈ Z satisfying 2 ≤ k ≤ n/2− 2. Assume that there exist u1 = e(y1) + d(z1), u2 =
e(y2)+d(z2), . . . , uk = e(yk)+d(zk) ∈ E(4), yi ∈ Y such that |ui∩uj| = |yi∩yj| = 2δ|i−j|,1
if i 6= j. Let us show that there exist uk+1 = e(yk+1) + d(zk+1) ∈ E(4) and yk+1 ∈ Y (4)
such that |yk+1 ∩ yj| = |uk+1 ∩ uj| = 2δj,k for 1 ≤ ∀j ≤ k.
By Lemma 6.6 (4), |{u ∈ E(4) | |u ∩ uj| = 2δj,k}| = n − k − 1. By |ui ∩ uj| = 2δ|i−j|,1
and Lemma 6.7 (2),
|{d(x) ∈ (d(En) ∩ E)(4) | |d(x) ∩ uj| = 2δj,k}| ≤ 1.
Set x1 = y1 \ y2, xi = yi ∩ yi−1 (2 ≤ i ≤ k) and set I = SpanZ2{ui, d(En) | 1 ≤ i ≤ k}. Let
u ∈ I(4) \ d(En) such that |u∩ uj| = 2δj,k. Then u =
∑k
i=p ui + d(xp) for some 1 ≤ p ≤ k,
and we obtain
|{u ∈ I(4) \ d(En) | |u ∩ uj| = 2δj,k}| ≤ k.
It follows from k ≤ n/2 − 2 that n − k − 1 ≥ k + 3 > k + 1. Hence, there exists
uk+1 ∈ E(4) \ I such that |uk+1∩ uj| = 2δj,k. By Lemma 6.7 (1), there exists yk+1 ∈ Y (4)
such that uk+1 = e(yk+1) + d(zk+1) for some zk+1 ∈ En and zk+1 ⊂ yk+1. Since uk+1 /∈ I,
we have yk+1 6= yk. Hence |yk+1 ∩ yk| = 2 by Lemma 6.7 (3). Let q ∈ Z such that
1 ≤ q ≤ k − 1. Clearly |yk+1 ∩ yq| 6= 3, 4. If |yk+1 ∩ yq| = 1 then the weight of
∑k+1
i=q yi
is 2, which contradicts that the minimum weight of C0 is 4. Since yk+1 /∈ I, we have
|yk+1 ∩ yq| 6= 2. Hence |yk+1 ∩ yq| = 0, and we obtain desired elements yk+1 ∈ Y (4) and
uk+1 ∈ E(4). Thus by induction, we obtain this lemma.
Let x1, x2, . . . , xn/2 ∈ En(2) such that yi = xi + xi+1. Then xi = yi ∩ yi−1 (2 ≤ i ≤
n/2 − 1), ∑n/2i=1 xi = Ωn and |xi ∩ yj| = 2δi,j + 2δi,j−1. Set X = SpanZ2{x1, x2, . . . , xn/2},
Y˜ = Span
Z2
{y1, y2, . . . , yn/2−1} and U = SpanZ2{u1, u2, . . . , un/2−1}.
Lemma 6.10. Let u = e(y) + d(z) ∈ E(4). Then y ∈ Y˜ (4).
Proof. Let y′ ∈ Y˜ (4). Then there exists u′ = e(y′) + d(z′) ∈ E(4). Since the minimum
weight of C0 is 4, |y ∩ y′| ∈ {0, 1, 2, 4}.
First, we will show that |y ∩ y′| ∈ 2Z. Suppose that |y ∩ y′| = 1. Then |y ∩ x| ∈ {0, 1}
for all x ∈ X(2) since the minimum weight of C0 is 4. Let {x1, x2, x3, x4} ⊂ X(2) such
that |y ∩ xi| = 1. Now, we view SpanZ2{xi + xj , y | 1 ≤ i, j ≤ 4} as a code of length 8.
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Then it is isomorphic to the extended Hamming code of length 8. Up to coordinates, we
may assume that
x1 = (11000000),
x2 = (00110000),
x3 = (00001100),
x4 = (00000011),
y = (01010101).
If n = 8 then y′ ∈ Span
Z2
{xi+xj | 1 ≤ i, j ≤ 4}, and hence |y∩y′| ∈ 2Z, which contradicts
|y ∩ y′| = 1. Hence n > 8. Let u1, u2, u3 ∈ U(4) such that ui ∈ e(xi+ xi+1) + d(En). Then
|ui ∩ uj| = 2δi+1,j if i 6= j. We may also view ui, i = 1, 2, 3, as codewords of length 16.
Then, up to coordinates, we may assume that
u1 = (0101010100000000),
u2 = (0000010101010000),
u3 = (0000000001010101).
If |u∩ui| = 2 then there exists w ∈ U such that |u∩w| = 1 since n > 8. This contradicts
Lemma 6.6 (2). Hence |u ∩ ui| = 0. Since u /∈ Span
Z2
{u1, u2, u3}, up to coordinates, we
may assume that
u = (0010001000100010).
By Lemma 6.6 (6), E⊥ contains
s1 = (0101000000000000),
s2 = (0000010100000000),
s3 = (0000000001010000),
s4 = (0000000000000101).
Moreover, E⊥ contains
s5 = (0010001000000000), (0010000000100000), or (0010000000000010).
If s5 = (0010001000000000) ∈ E⊥ then by Lemma 6.6 (7),
s1 + s5 = (0111000100000000) ∈ E(4),
which contradicts the minimum weight of C0 is 4. We may obtain contradictions by similar
arguments for s5 = (0010000000100000) and (0010000000000010). Thus |y ∩ y′| 6= 1.
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Therefore, we have |y ∩ y′| ∈ 2Z, and y ∈ Y˜ ⊥(2). If n > 8 then by Lemma 6.6 (5), we
obtain y ∈ Y˜ (4). If n = 8 and y /∈ Y˜ then Span
Z2
{Y˜ , y} is isomorphic to the extended
Hamming code of length 8. By the arguments above, up to coordinates, E contains
u1 = (0101010100000000),
u2 = (0000010101010000),
u3 = (0000000001010101),
u = (0001000100010001).
However, these generate the extended Hamming code of length 8, which contradicts E ∼=
d(En). Therefore y ∈ Y˜ (4).
Proposition 6.11. Let E be a subcode of C isomorphic to d(En) such that E 6= d(En).
Set Y = {c ∈ C0 | (e(c) + d(En)) ∩ E 6= ∅}. Let yi ∈ Y (4) and ui ∈ E(4) be codewords
given in Lemma 6.9. Let x1, x2, . . . , xn/2 ∈ En(2) such that yi = xi + xi+1 ∈ Y . Let
w1, w2, . . . , wn/2 ∈ En(2) satisfying |xi ∩ wj| = δi,j + δi+1,j. Then one of the following
holds:
• E = Span
Z2
{d(xi), e(yj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2− 1}.
• E = Span
Z2
{d(xi), e(yj) + d(wj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2− 1}.
Proof. Set Y˜ = Span
Z2
{y1, y2, . . . , yn/2−1}. Let u = e(y) + d(z) ∈ E(4), where y ∈ Y (4)
and z ∈ d(En). Then by Lemma 6.10, y ∈ Y˜ (4).
Set U = Span
Z2
{u1, u2, . . . , un/2−1} andX = SpanZ2{x1, x2, . . . , xn/2}. Let d(x) ∈ E(4).
Then 〈e(y′) + d(z′), d(x)〉 = 〈e(y), d(x)〉 = 〈y, x〉 = 0 for any e(y′) + d(z′) ∈ E. Hence
x ∈ Y˜ ⊥(2). Since n ≥ 2, Y˜ ⊥(2) = X(2). Thus by Lemma 6.7 (1), we obtain
E(4) ⊂ {d(x) | x ∈ X(2)} ∪ {u+ d(x) | u = e(y) + d(z) ∈ U(4), x ∈ X, x ⊂ y}.(6.1)
It is easy to see that |E(4)| = n × (n − 1)/2 and the cardinality of the right hand in
(6.1) is equal to n/2 + (n/2)(n/2 − 1)/2 × 4 = n × (n − 1)/2. Hence the equality holds
in (6.1) and Y = Y˜ . Moreover ui ∈ e(yi) + SpanZ2{d(xi), d(xi+1)} or ui ∈ e(yi) + d(wi) +
Span
Z2
{d(xi), d(xi+1)}, where wi ∈ En(2) such that |wi ∩ xi| = |wi ∩ xi+1| = 1.
Let us determine E. If ui ∈ e(yi) + SpanZ2{d(xi), d(xi+1)} then e(yi) ∈ E. Suppose
ui+1 ∈ e(yi+1)+ d(wi+1)+SpanZ2{d(xi+1), d(xi+2)}. Then 〈e(yi), ui+1〉 = 1, which contra-
dicts Lemma 6.6 (2). Hence ui+1 ∈ e(yi+1) + SpanZ2{d(xi+1), d(xi+2)}, and e(yi+1) ∈ E.
Thus E = Span
Z2
{d(xi), e(yj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2− 1}.
By the similar arguments, if ui ∈ e(yi) + d(wi) + SpanZ2{d(xi), d(xi+1)}, then e(yj) +
d(wj) ∈ E for all j. Hence E = SpanZ2{d(xi), e(yj) + d(wj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤
n/2− 1}.
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Lemma 6.12. Let L be an even unimodular lattice of rank n having 4-frame F . Let
C = L/F be a type II Z4-code. Assume that C0 contains a subcode Y isomorphic to
d(En/2) and that the minimum weight of C0 is 4. Then there exists {fi | 1 ≤ i ≤ n} ⊂ Rn
such that (fi, fj) = 2δij, fi + fj ∈ L, fi /∈ L, and {f2k−1 ± f2k | 1 ≤ k ≤ n/2} = F .
Proof. There exist x1, x2, . . . , xn/2 ∈ En(2) such that xi + xj ∈ Y (4). By the definition of
C,
L ∼= A4(C) = 1
2
{(c1, c2, . . . , cn) ∈ Zn | ϕ4(c1, c2, . . . , cn) ∈ C}.
It is easy to see that 1
2
{c ∈ Zn | ϕ2(c) = xi} ⊂ Rn contains exactly 4 vectors of norm
2. Hence, we can choose vectors f2k−1, f2k of norm 2 satisfying f2k−1 ± f2k ∈ F . Then
fi + fj ∈ L, (f2k−1, f2k) = 0, and {fi | 1 ≤ i ≤ n} is an orthogonal basis of Rn. By the
assumption, there are no weight 2 elements in C0, and hence fi /∈ L.
Now we recall a relation between codes and lattices.
Proposition 6.13. [KKM91, Theorem 1] Let L be an even unimodular lattice of rank n.
Assume that there exists an orthogonal basis {fi | 1 ≤ i ≤ n} of norm 2 of Rn such that
fi + fj ∈ L and fi /∈ L. Then there exists a binary Type II code W of length n such that
L =
∑
i,j∈Ωn
Z(fi + fj) +
1
2
∑
w∈W
Zfw + Z(
1
4
fΩn − ε(n)f1),
where fw =
∑
i∈w fi and ε(n) = 1 if n ∈ 8 + 16Z and ε(n) = 0 if n ∈ 16Z.
Proposition 6.14. [FLM88] Let L be an even unimodular lattice of rank n. Let {fi |
1 ≤ i ≤ n} be an orthogonal basis of Rn of norm 2 satisfying fi + fj ∈ L and fi /∈ L.
Then there exists an automorphism σ of Aut(V˜L) such that σ acts on the Virasoro frame
associated to 4-frame {f2i−1 ± f2i | 1 ≤ i ≤ n/2} of L as
σ(ω+(f2i−1 + f2i)) = ω
+(f2i−1 + f2i),
σ(ω−(f2i−1 + f2i)) = ω
+(f2i−1 − f2i),(6.2)
σ(ω+(f2i−1 − f2i)) = ω−(f2i−1 + f2i),
σ(ω−(f2i−1 − f2i)) = ω−(f2i−1 − f2i).
Proof. By Proposition 6.13 and [FLM88, (11.2.6)], we can obtain a triality automorphism
σ of V˜L, which is similar to one of the moonshine VOA V
♮. The action of σ on the Virasoro
frame associated to 4-frame {f2i−1± f2i | 1 ≤ i ≤ n/2} was described in [DGH98, Section
4] (cf. [FLM88, Corollary 11.24]).
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Proposition 6.15. Let L be an even unimodular lattice of rank n and let C = L/F
be a type II Z4-code of length n. Assume that the minimum weight of C0 is 4 and that
C0 contains a subcode Y isomorphic to d(En/2). Let {y1, y2, . . . , yn/2−1} be a basis of
Y of weight 4 such that |yi ∩ yj| = 2δ|i−j|,1 if i 6= j. Let x1, x2, . . . , xn/2 be codewords
in En of weight 2 such that yi = xi + xi+1. Then there exists an automorphism g ∈
StabAut(V˜L)(T2n)/Stab
pt
Aut(V˜L)
(T2n) such that g(d(En)) = SpanZ2{e(yi), d(xj) | 1 ≤ i ≤
n/2− 1, 1 ≤ j ≤ n/2}.
Proof. Let F = {f2i−1 ± f2i | 1 ≤ i ≤ n/2} be the 4-frame of L obtained in the proof of
Lemma 6.12. By Lemma 6.12 and Proposition 6.14, there exists a triality automorphism
σ in StabAut(V˜L)(T2n) satisfying (6.2).
Let w1, w2, . . . , wn/2−1 ∈ En(2) such that |xi ∩ wj | = δi,j + δi+1,j . Then {xi, wj | 1 ≤
i ≤ n/2, 1 ≤ j ≤ n/2 − 1} is a basis of En. We view {(04), d(xi)} and {(04), d(wi)}
as binary codes of length 4. Then V +
Zf2i−1⊕Zf2i
= V{(04),d(xi)}, and σ(d(xi)) = d(xi).
However, V +
Zf2i⊕Zf2i+1
= V{(04),d(wi)} is not preserved by σ. It follows from (6.2) that
σ(d(wi)) = e(yi) + d(xi+1). Hence g = σ¯ ∈ StabAut(V˜L)(T2n)/StabptAut(V˜L)(T2n) sends d(En)
to Span
Z2
{e(yi), d(xj) | 1 ≤ i ≤ n/2− 1, 1 ≤ j ≤ n/2} (see the proof of Lemma 6.8).
Lemma 6.16. Assume that C contains E = Span
Z2
{d(xi), e(yj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤
n/2 − 1} isomorphic to d(En). Then there exists an automorphism g ∈ StabAut(V˜L)(T2n)
such that g(E) = Span
Z2
{d(xi), e(yj) + d(wj) | 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2 − 1} ⊂ C (see
Proposition 6.11 for the definition of wi).
Proof. By Lemma 6.12, we obtain the orthogonal basis {fi} of norm 2 of Rn such that
fi + fj ∈ L, fi /∈ L. By Proposition 6.13, we have v = 14fΩn − ε(n)f1 ∈ L. Then one can
see that exp(πiv(0)) ∈ Aut(V˜L) is a desired automorphism.
Let H be the set of all subcodes of C isomorphic to d(En). By Propositions 6.11 and
6.15 and Lemma 6.16, we obtain the following theorem.
Theorem 6.17. Let L be an even unimodular lattice of rank n having 4-frame F . Set
C = L/F . Assume that the minimum weight of C0 is 4. Let T2n be the Virasoro frame
of V˜L associated to F . Then StabAut(V˜L)(T2n)/Stab
pt
Aut(V˜L)
(T2n) is transitive on H, and it
is generated by the subgroup of shape 2dimC
⊥
0 .Aut(C) and the triality automorphisms in
Proposition 6.14. Moreover, |StabAut(V˜L)(T2n)/StabptAut(V˜L)(T2n) : 2
dimC⊥
0 .Aut(C)| = |H|.
Next let us consider the stabilizer of d(En) in Aut(C).
Lemma 6.18. Assume that the minimum weight of C0 is 4. Then the stabilizer of d(En)
in Aut(C) has the shape 2dimC
⊥
0 : Aut(C0).
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Proof. Clearly, 2dimC
⊥
0 : Aut(C0) is a subgroup of Aut(d(En)). Let g ∈ Aut(d(En)).
Then g ∈ Aut(d(En)⊥). It is easy to see that d(En)⊥ = SpanZ2{d(Zn), e(1n)} and that
d(En)⊥(2) = {d(x) | x ∈ Zn2 (1)} since n > 2. Hence g ∈ 2 ≀ Symn, and g ∈ 2 ≀ Aut(C0). It
is easy to see that the subgroup of 2n preserving C is isomorphic to 2dimC
⊥
0 .
As a corollary, we have the following proposition.
Corollary 6.19. Set K = StabAut(V˜L)(T2n)/Stab
pt
Aut(V˜L)
(T2n) and assume that the mini-
mum weight of C0 is 4. Then
|Aut(C) : K| = |Aut(C0) : Aut(C)|.
Remark 6.20. Let g ∈ Aut(C). Then there exists h ∈ K such that hg fixes d(En) by
Theorem 6.17. Hence g ∈ K if and only if hg belongs to the stabilizer of d(En) in K
determined in Proposition 6.1.
6.4. Z2-orbifold construction of VE8. In this section, we consider the Z2-orbifold con-
struction of VE8.
Let C be the Type II Z4-code of length 8 generated by

3111 3111
1111 2000
1320 1100
1010 1032


.
Then the minimum weight of C0 is 4 and A4(C) ∼= E8. Then V˜A4(C) = V +A4(C)⊕V
T,+
A4(C)
∼= VE8.
Let T16 be the Virasoro frame associated to C0. In this case, C0 ∼= C1 ∼= H8 and the
structure codes for V˜A4(C)
∼= VE8 are given by
C = Span
Z2
{d(E8), e(H8)} ∼= RM(2, 4), D = SpanZ2{d(H8), e(18)} ∼= RM(1, 4).
The code P = {α ∈ C|α · β ∈ C for all β ∈ D} is equal to D and has dimension 5.
It is also well known that
Aut(C) ∼= Aut(RM(2, 4)) ∼= AGL(4, 2) ∼= 24 : GL(4, 2)
and
Aut(C) ∼= Aut(C0) ∼= Aut(H8) ∼= AGL(3, 2) ∼= 23 : GL(3, 2).
Since Aut(C) ∼= Aut(C0), by Corollary 6.19, we have |Aut(C) : K| = 1. Thus,
StabAut(V˜E8 )
(T16)/Stab
pt
Aut(V˜E8 )
(T16) ∼= Aut(C) ∼= 24 : GL(4, 2) ∼= AGL(4, 2)
and StabAut(V˜E8 )
(T16) has the shape 2
5.(AGL(4, 2)).
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Remark 6.21. The example above was also computed in [GH03].
Remark 6.22. Since the binary codes C0 for the first three Type II Z4-codes C in Example
5.2 contain weight 2 codewords, we can not apply Corollary 6.19 to the Virasoro frames
of V˜E8 associated to C. However, the structure code C contains a subcode isomorphic to
d(Z82), and hence the Virasoro frame of V˜E8 associated to C is conjugate to one of the
frames of VE8 associated to 4-frames of the lattice E8 (cf. [DGH98, Section 5]).
6.5. Frame stabilizer of the standard Virasoro frame of the moonshine VOA.
Let us recall the standard construction of the Leech lattice from the binary Golay code
G24 of length 24 ([CS99, p131, Figure 4.12]). Viewing 0 and 1 as integers, the Leech
lattice Λ is given by Λ = Λ0 ∪ Λ1, where
Λ0 =
1√
8
{2c+ 4x | c ∈ G24, x ∈ Z24, and
24∑
i=1
xi ≡ 0 mod 2},
Λ1 =
1√
8
{(1, . . . , 1) + 2c+ 4y | c ∈ G24, y ∈ Z24, and
24∑
i=1
yi ≡ 1 mod 2}.
Let εi = (0, . . . , 1, . . . , 0) be elements in Z
24 such that the i-th entry is 1 and the other
entries are 0 and set
α2i−1 =
4√
8
(ε2i + ε2i−1) and α2i =
4√
8
(ε2i − ε2i−1)
for 1 ≤ i ≤ 12. Then {α1, . . . , α24} forms a 4-frame for Λ.
Let F = ⊕24i=1Zαi. Then Λ/F determines an extremal type II Z4-code C of length 24.
The generator matrix of C is given by

1111 1111 1111 1111 0000 0000
1111 1113 2000 0000 2000 0000
0000 0000 1111 1111 1111 1111
1113 2000 1111 0000 1113 0000
1320 1100 1100 1100 1100 1100
3210 1010 1010 1010 1010 1010
2222 0000 0000 0000 0000 0000
2200 2200 0000 0000 0000 0000
2020 2020 0000 0000 0000 0000
0000 0000 2222 0000 0000 0000
0000 0000 2200 2200 0000 0000
0000 0000 2020 2020 0000 0000
2200 0000 2200 0000 0000 0000
2020 0000 2020 0000 0000 0000
2000 2000 2000 2000 0000 0000
0000 0000 2200 0000 2200 0000
0000 0000 2020 0000 2020 0000
0000 0000 2000 2000 2000 2000


.
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Remark 6.23. Harada and Munemasa [HM] checked that the code C is the unique extremal
type II Z4-code of length 24 up to isomorphism such that dimC1 = 6 and C0 has minimum
weight 4.
The automorphism group of the Z4-code C was computed by Harada and Munemasa
using computer [HM]. The automorphism group Aut(C) has the shape
29.(29.(Sym3 ×GL(3, 2))) and Aut(C) ∼= 29.(Sym3 ×GL(3, 2)).
Note also that C1 = {ϕ2(α) | α ∈ C} = SpanZ2{(18016), (081808), (α, α, α)|α ∈ H8},
which is a [24, 6, 8] code (cf. [DGH98]). The automorphism group of C1 was computed in
[DGH98, Appendix C]. The shape is as follows.
Aut(C1) ∼= 29.(Sym3 ×GL(3, 2)).
Since C is self-dual, C1 = C
⊥
0 , and Aut(C1) = Aut(C0).
Let T48 be the Virasoro frame of the moonshine VOA V
♮ = V˜Λ associated to F . Then
the structure codes (C,D) of V ♮ associated to T48 are given by C = D
⊥ and
D =


1111 1111 1111 1111 1111 1111 1111 1111 1111 1111 1111 1111
1111 1111 1111 1111 1111 1111 1111 1111 0000 0000 0000 0000
1111 1111 1111 1111 0000 0000 0000 0000 0000 0000 0000 0000
1111 1111 0000 0000 1111 1111 0000 0000 1111 1111 0000 0000
1111 0000 1111 0000 1111 0000 1111 0000 1111 0000 1111 0000
1100 1100 1100 1100 1100 1100 1100 1100 1100 1100 1100 1100
1010 1010 1010 1010 1010 1010 1010 1010 1010 1010 1010 1010


.
Note that D = Span
Z2
{(116, 016, 016), (016, 116, 016), (α, α, α) | α ∈ RM(1, 4)}. In this
case,
Aut(C) = Aut(D) ∼= 212.(Sym3 ×GL(4, 2))
(see [DGH98, Appendix C] for details). Moreover,
P = {γ ∈ Z482 | α · γ ∈ C for all α ∈ D}
= {(α, β, γ) ∈ Z482 | α, β, γ ∈ RM(2, 4) and α + β + γ ∈ RM(1, 4)}
and dimP = 11 + 11 + 5 = 27. Thus, Stabpt
Aut(V ♮)
(T48) has the shape 2
7+20.
Since |Aut(C) : K| = |Aut(C0) : Aut(C)| = 1, we have
StabAut(V ♮)(T48)/Stab
pt
Aut(V ♮)
(T48) ∼= Aut(C),
and the frame stabilizer StabAut(V ♮)(T48) has the shape 2
7+20.(212.(Sym3 ×GL(4, 2))).
27
Remark 6.24. It was also shown in [Mi04, Lemma 9.3] that
StabAut(V ♮)(T48)/Stab
pt
Aut(V ♮)
(T48) ∼= Aut(C).
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